This paper presents an algorithm for optimal multi-degree reduction of rational disk Bézier curve in the L 2 norm. We start by introducing a novel disk rational Bézier based on parallel projection, whose properties are also discussed. Then we transform multi-degree reduction of the error radius curve and the weight curve of the disk rational Bézier curve into solving a constrained quadratic programming (QP) problem. Finally, applying weighted least squares, we provide the optimal multi-degree reduced polynomial approximation of the center curve of the original disk rational Bézier curve.
Introduction
Because operations of geometric objects in current state-of-the-art Computer Aided Design systems are based on floating point arithmetic, representations of geometric objects are inaccurate and geometrical computations are approximate. In order to deal with the problem of lack of robustness, interval arithmetic is used in the fields. In 1992, Sederberg and Farouki [1] formally introduced the concept of interval Bézier curves that can transfer a complete description of approximation errors along with the curves to applications in other systems. Based on Sederberg's work, the algorithms for curve/curve or surface/surface intersection, solid modeling, and stability of visualization were studied by Hu et al. [2, 3, 4] . Chen and Lou [5] discussed the problem of bounding interval Bézier curve with lower degree interval Bézier curve. Lin et al. [6] provided an efficient and reliable algorithm for representing and evaluating the boundary of the interval Bézier curves in 2-and 3-D. However, as Chen pointed out [5] , interval curves possess some blemish. One is that interval generally enlarge rapidly in a computational process, another is that rectangular intervals are not rotationally symmetric. To overcome these shortcoming, Lin and Rokne [7] applied disk as control points, and the corresponding Bézier curves are called disk Bézier curves. Since interval Bézier curves can't represent conic precisely, Hu et al. [3] [4] introduced interval non-uniform rational B-splines (INURBS) curves and surfaces. In 2011, using parallel projection, the first author of [8] defined a novel disk rational Bézier curves, which differ from classic disk rational Bézier in that its error radii are Bézier polynomials functions.
One of the important theme for rational Bézier curves is degree reduction.
This problem exists because some CAD/CAM systems limit the maximum polynomial degree so that they can deal with; the other useful application is the need of data compression and data comparison [9] . Compared with many methods of degree reduction of Bézier curves, very little research has been done for rational Bézier curves. Farin [10] described a degree reduction method for rational Bézier curves for interactive interpolation and approxi-mation. Sederberg and Chang [11] achieved one degree reduction based on perturbing the numerator and denominator polynomials of a rational curve that get a common linear divisor. However, their method can not satisfy interpolations at end points. Chen [12] applied the algorithm of shifted Chebyshev polynomials to agree with the degree reduction of rational Bézier with C 0 -continuity at both end points. The purpose of current paper is to deal with the same problem for disk rational Bézier curves using weighted leastsquares (WLS) and constrained quadratic programming (CQP).
This paper has the following structure: To ensure the structural integrity of this paper, in section 2, we review the definition of disk rational Bézier curves and corresponding properties. In section 3, we propose an efficient algorithm to the problem of degree reduction of rational disk Bézier curves.
In section 4, bounding errors for degree reduction are analyzed, and some examples are provided.
Disk rational Bézier curves

Disk rational arithmetic
A disk in the plane is defined to be the set
whose centric point is q and radius is r.
For any two disks (q i ) = (x i , y i ) r i , i = 1, 2, the two operations are defined as follow
Equations (1) and (2) can be generalized as
In homogeneous coordinates, the disk can be described by
Applying the perspective projection H(·) to the disk (P ω ) yields a corresponding rational disk in plane ω = 1. That is
In addition, the disk can also be represented by the homogeneous coor-
Applying the oblique projection I(·) to the disk (P ω ) yields another corresponding rational disk in plane ω = 1. That is
Both equations (5) and (7) obviously agree with operation (3). Based on equations (3) and (5), it can derive a classic disk rational Bézier curve which has been researched in [3] [4]. However, using oblique projection I(·), we can define a novel kind of disk rational curve and its properties, such as end interpolation, affine invariant etc., are similar to the classic disk rational Bézier curve.
Disk rational Bézier curves
A disk rational Bézier curve of degree n with control disk points (p i ) = (x i , y i ) r i and corresponding weights ω i ∈ R + , i = 0, ..., n is defined by
or be written in the basis form
where
, i = 0, 1, ..., n. p(t) and r(t) are respectively called the center curve and the radius of the disk rational Bézier curve (p)(t).
Compare with the classical disk rational Bézier curve whose radius function r(t) is a rational polynomial with weights, the radius function r(t) in equation (8) or (9) is a positive polynomial.
Properties of disk rational Bézier curves
A disk rational Bézier curve defined by equation (8) satisfies the following properties.
• End interpolation: (p)(0) = (p 0 ) and (p)(1) = (p n ).
• Affine invariant: Let A be an affine transformation (for example, a rotation, reflection, translation, or scaling), then
• Convex hull: The disk rational Bézier curve lies in the convex hull of the control disks.
Proof. Since the convex hull of control disks (p i ), i = 0, 1, ..., n, are the set of all convex combinations
, and the proof is complete.
• Non-uniform convergence: The disk rational Bézier curve converges non-uniformly on the interval t ∈ [0, 1], as ω i → +∞.
the center curve p(t) in disk rational Bézier curve (p)(t) is non-uniform convergent and the property is desired.
• De Casteljau algorithm: For any t ∈ [0, 1], (p)(t) can be computed as follows:
for j = 1, ..., n and i = 0, ..., n − j.
• Subdivision: Let c ∈ (0, 1) be a real number. Then (p)(t) can be subdivided into two segments:
• Degree elevation: A disk rational Bézier curve (p)(t) of degree m can be represented as a disk rational Bézier curve of degree m + s as follows
• Exact degree reduction:
Given a degree n disk rational Bézier curve (p)(t), it represents exactly a degree m (m < n) disk ratioanl Bézier 
Degree reduction of disk rational Bézier curves
In this section, we discuss the problem of degree reduction of disk rational
Bézier curves using weighted least squares method.
Description of approximation problem
The problem of degree reduction of disk Rational Béziers curve can be stated as follows:
Problem Given a degree n disk rational Bézier curve (p)(t), find a degree m < n disk rational Bézier curve (p)(t) such that (p)(t) is the closure of (p)(t).
The above problem can be decomposed into the following two parts in this paper :
1) For the center curve p(t) of the disk rational curve (p)(t), find an optimal n − m degree reduced approximating functionp(t) to be the center curve of the disk rational curve (p)(t) using weighted least squares.
2) For the error radius curve r(t) of the disk rational Bézier curve p(t),
find an n − m optimal degree reduced approximating functionř(t) to be the error radius curve of the disk rational Bézier curve(q)(t), such that (p)(t)
can bound (p)(t) as tight as possible in L 2 norm.
In parallel, the problem can be summarized as the following mathematical
where ρ(t) > 0 and dist(p(t),p(t)), t ∈ [0, 1] is the Hausdorff distance between the curvep(t) and the curve p(t).
Degree reduction approximation of center curve
Since the weights of a rational Bézier curve must be positive, we require two steps to achieve degree reduction process for the center curve p(t) as well. First, processing degree reduction of denominator ω(t) to obtain degreereduced weightsω i (i = 0, ..., m) by applying quadratic programming; second, substitutingω i intop(t) and then using weighted least squares to accomplish the degree reduction of the center curve p(t).
Solving weightsω
, and
Note that the term n i=0 n j=0 ω i ω j G ij in equation (18) is constant so we remove this term from (18) 
Solving control pointsp i
After obtaining the weightsω i , we apply the weighted least squares to obtain the control pointsp i with the contact order (k, h) (k, h = 0, 1, respectively, ) of continuity at both endpoints of the rational Bézier curves. That is, given a weight function ρ(t) > 0,
and equation (20) can be written as
Substituting equations ω(t),ω(t), x (t) andx (t) into (21), we have 
On the other hand, to keep the two rational curves p(t) andp(t) have (k, h) (k, h = 0, 1) order continuous at the endpoints t = 0, 1, respectively, the equation (22) 
or equivalently,
which is a system of m − h − k − 1 equations in the m − h − k − 1 unknownš
When k, h = 0, 1,respectively,
Degree reduction approximation of error radius curve
Elevating the degree of the error radius curveř(t) from m to n by equation (16), we haveř
Then one of a sufficient condition to satisfy the formula (B) in equation (17) can be stated as
wherer i is given in equation (26) and
where t j , j = 0, 1, · · · , M are discrete sample points on curves p(t) andp(t).
With the analogous method to solving weightsω i , we have
where H ij , S ij and G ij were given in equation (18), and the third term n i=0 n j=0 r i r j G ij is constant. So the problem of degree reduction of er-ror radius function can be transformed to find the optimal solution of the following problem:
Errors and Examples
Without loss of generality, we only consider
and
where t j , j = 0, 1, · · · , M are discrete sample points on curves r(t),ř(t), p(t) andp(t). Above error equations can be easily generalized to bounding error and relative bounding error [9] . Fig.1a) . The maximum error distances of center curve is 4.4759 (See Fig.1b) , which is less than corresponding result in [8] .The maximum error distance of error radius curve is 4.6487 (See Fig.1c) , which is larger than corresponding in [8] . Fig.2 )
Summary
In this paper, we discussed the problem of degree reduction of disk rational Bézier curves and proposed an efficient method to solve the problem.
Theoretic results and experiments show that the proposed algorithm produces is very effective. The idea presented in this paper can be easily generalized to solve the degree reduction problem of disk rational Bézier surfaces and NURBS curves and surfaces. 
